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Robust and Stability Design Using Parametric

Optimization
Gustavo K. Dill, Student Member, IEEE, and Aguinaldo S. e Silva, Member, IEEE

I. INTRODUCTION

One recurrent problem in power systems operation is small-

signal oscillatory instability caused by insufficient damping.

Power System Stabilizers (PSS) are employed to ensure an

adequate damping, avoiding blackouts and limits on the power

flow between areas. The PSS design is carried out aiming

to satisfy several performance requirements such as stability

and minimum damping for the electromechanical oscillation

modes. Since power systems operate over a wide range of

conditions and the PSS is usually designed using a linearized

model around an operating point, topological and load changes

may lead to poor performance. Therefore, robustness is a

desirable performance requirement.

The goal of this paper is the PSS design based on optimiza-

tion. Three performance indices to improve system damping

and robustness, are evaluated. Optimization algorithms for

nonconvex and nonsmooth problems are employed and their

performance are compared.

This summary discusses briefly, the problem of small-signal

stability and the alternatives for the solution. The multima-

chine system modeling and control, the objective functions

and the optimization methods applied to solve the formulated

problem, using two differents test systems, are presented.

II. SYSTEM MODELLING

A. Power system model

The power system, including the generators, controllers,

loads and transmission network, is described by a nonlinear

sytem. The linearized model is:

ẋ = Ax+Bu
y = Cx

(1)

where x ∈ ℜn is the state vector, u ∈ ℜp is the input vector

and y ∈ ℜq is the output vector.

B. The control model

The control structure can also be represented in state space

form
ẋc = Ac xc +Bc uc

yc = Cc xc +Dc uc

(2)

where xc ∈ ℜ
k and Ac, Bc, Cc and Dc have dimensions

k × k, k × q, p× k and p× q, respectively.
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tavo@labspot.ufsc.br; aguinald@labspot.ufsc.br

Financial support of the Brazilian Government Research Agency (CNPQ)

C. The augmented system

The stabilization problem by static output feedback is fin-

ding a matrix K such that A+BKC is stable, where K can be

a static gain or can correspond to a dynamic compensator given

by (2). In the latter case, the feedback connection between

system (1) and (2) produces the augmented system given

by (3).
ẋ = (A+BDcC)x+BCcxc

ẋc = (Ac +BcC)xc

(3)

which is equivalent to
[

ẋ
ẋc

]

=

[

A 0
0 0

] [

x
xc

]

+ (4)

[

B 0
0 I

] [

Dc Cc

Bc Ac

] [

C 0
0 I

] [

x
xc

]

If k < n, the low-order controller design problem is to find

K =

[

Dc Cc

Bc Ac

]

(5)

such that (4) is stable. The problem is mainly of interest when

k, the order of the controller, is much less than n. When k = n,

the task of finding a stabilizing solution or showing that it does

not exist is efficiently solvable by well known techniques based

on linear matrix inequalities and convex optimization. The low

order controller design problems is an static output feedback

problem with (p+ q)(q + k) design variables.

III. THE DESIGN METHOD

In this section are presented the performance indices used

as objective function to control design and the optimization

methods applied to solve the formulated indices.

A. The performance indices

The performance indices include performance requirements

such as system damping, settling time, stability and robustness.

An adequate definition of the performance indices ensures that

the control effort is exerted in the sense of directly improving

the small-signal stability.

In this paper the following performance indices are consi-

dered:

1) spectral abscissa: The spectral abscissa is the maximum

real part of the matrix eigenvalues.

The spectral abscissa of a matrix A ∈ ℜn×n is given by

α0(A) = max
z∈C

{Re z : σmin(A− z I) = 0}

where σmin denotes the minimum singular value.
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2) w plane spectral abscissa: The w plane spectral abscissa

is defined by the largest real part of all eigenvalues of the

system mapped on w plane.

The eigenvalues mapped from s plane to w plane is perfor-

med using equation (6), taking into account the sign of the

imaginary part of the eigenvalues in the s plane.

si = wie
jθ (6)

The transformation system from s plane to w plane, con-

sidering eigenvalues from s plane to w plane with positive

imaginary part are given by
[

s(Re)i
s(Im)i

]

=

[

cos(θ) − sin(θ)
sin(θ) cos(θ)

] [

w(Re)i
w(Im)i

]

(7)

where s(Re)i is the real part of i eigenvalue on s plane and

s(Im)i is the imaginary part of i eigenvalue on s plane.

According to the Figure 1, stable eingenvalue on w plane are

mapped into the cone on s plane, whose damping is defined

by the angle θ.

Fig. 1. Mapping on w Plane

Based on transformation from s plane to w plane presented,

we can define the w plane spectral abscissa.

The w plane spectral abscissa of a matrix A ∈ ℜn×n is

given by

αw(A) = max
zw∈C

{Re zw : σmin(A− zw I) = 0} (8)

where zw represents the eingenvalues of the system on w

plane.

3) complex stability radius: The electrical system of equa-

tion (1), considering perturbations on state matrix A+△A

can be written by the following form:

ẋ = (A+△A)x+Bu
y = Cx

(9)

Isolating the perturbation △A, the system can be represen-

ted by the Figure 2 where P represent the electrical system

and K the control system.

Thus, the equations (1) and (2) can be rewritten by the

following form
ẋ = Ax+Bu+w

z = x
y = Cx

(10)

ẋc = Ac xc +Bc y

u = Cc xc +Dc y
(11)

Fig. 2. Close Loop Perturbed System

The close loop of the system, considering the equations (10)

e (11) results in the following system




ẋ
ẋc

z



 =





A+BDcC BCc I
BcC Ac 0

I 0 0









x
xc

w



 (12)

Therefore, the function that represents this closed loop

system, considering a perturbation on state matrix, can be

written as follows

Gwz = (sI−Ak)
−1 (13)

where the matrix Ak, is represented by the augmented system

of equation (3).

Based on the transfer function of the equivalent system, we

can define the stability radius.

The stability radius, that mesure the distance to instability

is given by

β(A) = max
z∈C

{

[σmax (A− zI)]−1 : Re z ≥ 0
}

(14)

where β(A) is the inverse of the largest singular value of

the transfer function of the system of Figure 2, given by

equation (13).

Alternatively, the complex stability radius can be defined as

β(A) = inf {‖ ∆ ‖ : A+∆ is unstable, ∀∆ ∈ C}

In power systems, perturbations such as parameters variation

and changes in its topology, only the matrix A is changed,

considering speed like a input sign. Therefore, the definition of

the stability radius is directly associated with these variations

that can occur in electrical systems.

B. The design optimization problem

Three objective function, based on concepts discussed in the

proceeding section are formulated in this paper.

1) SA (Spectral abscissa): Minimization of the Spectral

abscissa. This objective function ensures that the right-

most eigenvalue of a set of perturbed state matrix is

shifted, as far as possible, to the left of the complex

plane.
{

Minimize F2 =
∑p

j=1
α0(A)

p

s.a. A ∈ Ω
(15)

2) WSA (w Plane Spectral abscissa): Minimization of the w

Plane Spectral abscissa. This objective function ensures

that the rightmost eigenvalue of a set of perturbed state
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matrix is shifted, within a cone, whose damping is

defined by θ.
{

Minimize F3 =
∑p

j=1
αw(A)

p

s.a. A ∈ Ω
(16)

3) CSR (Complex Stability Radius): Maximization of the

complex stability radius. This objective function ensures

stability to perturbations with norm less than a specified

value ǫ, that is the distance to instability.
{

Maximizar F5 =
∑p

j=1
β(A)

p

s.a. A ∈ Ω
(17)

in equation (15), (16) and (17) p is the number of perturbed

systems.

The optimization of this objective functions leads to noncon-

vex, nonsmooth optimization problems. Optimization methods

to deal with these problems are discussed in the next section.

C. Optimization Methods

Three optimization methods are used: the Hybrid Method,

the Multidirectional Search and the Hooke Jeaves Method. All

of them, use an approximation of the derivative and can be

applied to nonconvex and nonsmooth problems.

The Hybrid Method is compound by three optimization

methods. The Broyden Fletcher Goldfarb Shanno (BFGS), the

gradient sampling and the local bundle method. The algorithm

is based on the estimative of a set of derivatives to do the

search and it is designed for nonsmooth and nonconvex pro-

blems since, it uses information from eigenvalues to estimate

the gradient at nonsmooth points.

The Multidirectional Search (MDS) is a linear search

method and the gradient is not used. The search is carry out

by expansion or contraction of vertices, therefore the method

is called by multidirectional. The vertices are expanded or

contracted depending on the objective function value of each

vertice with respect to f(x0).

The Hooke Jeaves Method is based on comparison in

situations where the gradient is not feasible. The search uses

a sequence of exploratory movements, starting at an initial

point and two others points set by adding or subtracting the

estimative of the derivative from the initial point.

IV. RESULTS

Two test systems are evaluate applying the proposed design

method. The South-Southeastern Brazil Equivalent System

composed by 29 states and the New England Test System,

composed by 54 states.

A. The South-Southeastern Brazil Equivalent System

This system is composed by five-generator equivalent to the

South-Southeastern Brazil area. The dominant electromecha-

nical modes are presented in Table I and II.

TABLE I
OPEN LOOP DOMINANT MODES

Mode Eigenvalue Frequency Damping
(Hz) (%)

1 0.64±5.39i 0.86 -11.9

2 -0.22±5.87i 0.93 3.84

TABLE II
CLOSED LOOP DOMINANT MODES

Objective Eigenvalues Frequency Damping Method

Function (Hz) (%)

SA -1.09±10.36i 1.64 10.54 Hı́brido

-1.20±12.70i 2.02 9.44 Hooke

-0.37±5.09i 0.81 7.41 MDS

WSA -0.28±5.61i 0.89 5.04 Hı́brido

-0.88±10.01i 1.60 8.73 Hooke

-0.49±5.22i 0.83 9.50 MDS

CSR -0.59±9.99i 1.59 5.98 Hı́brido

B. New England Test System

This system is composed by ten-generator being one that

represents a infinite bus. The dominant electromechanical

modes are presented in Table III and IV.

TABLE III
OPEN LOOP DOMINANT MODES

Mode Eigenvalue Frequency Damping
(Hz) (%)

1 0.59±6.72i 1.07 -8.74

2 0.05±6.46i 1.02 -0.81

3 0.02±3.65i 0.58 -0.67

4 -0.16±7.05i 1.12 2.30

5 -0.20±7.11i 1.13 2.81

6 -0.32±6.99i 1.11 4.70

TABLE IV
CLOSED LOOP DOMINANT MODES

Objective Eigenvalues Frequency Damping Method

Function (Hz) (%)

SA -1.43±8.91i 1.41 15.8 Hı́brido

-0.64±8.45i 2.24 7.58 Hooke

-0.63±8.92i 1.42 7.06 MDS

WSA -0.27±8.55i 1.36 3.23 Hı́brido

-0.93±10.70i 1.70 8.82 Hooke

-0.74±8.52i 0.96 8.72 MDS

CSR -0.36±7.14i 1.13 5.04 Hı́brido

The optimization methods, the performance indices, the

closed loop modeling system and the results will be presented

and discussed in detail in the full article. The CSR indice has

not been implemented in every optimization methods.


