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Abstract— In this paper, an algorithm for calculating the 

optimal operation of a system with different protection clearing 

times is proposed. The algorithm simultaneously considers both 

economic and stability objectives. A typical test case is used in the 

paper for evaluating the proposed formulation, with two 

generation machines and one infinite-bus. In the solution of the 

optimization problem, a conventional optimization tool is used. 

The results show the efficiency of the proposed approach. 

Index Terms— Nonlinear programming, optimization 

methods, power system transient stability, optimal power flow 

with dynamical constraints. 

I.  INTRODUCTION

urrent trends in electrical systems are oriented towards the 

development and use of smart grids. The use of such 

intelligent networks requires, in particular operating 

conditions, using the electrical systems near the limit of the 

capabilities, maintaining the safety of the operation. 

Until recently, the unique form for analyzing the dynamic 

response of a system to a disturbance was the simulation of the 

system in the future and the observation of its response. The 

advance of the computing resources and the consolidation of 

the optimization methods for the solution of large scale 

problems allow nowadays including the representation of the 

dynamical system equations within optimization problems, in a 

temporal representation allow nowadays the representation of 

the dynamical system equations within optimization problems, 

in a temporal representation. There are advantages and 

disadvantages related to this representation. The main 

advantage of representing differential equations in 

optimization problems consists in the possibility of giving a 

preferential direction at solving the dynamic equations, when 

the number of variables exceeds the number of equations. On 

this way, it is possible to minimize or maximize performance 

indexes, calculating optimal parameters and making the system 

more stable or profitable than before. The main disadvantage 

associated to this representation is the high number of 

equations to be considered into the optimization problem, even 

for simple systems, resulting in high computation times for 

today’s computers [1]. 

The conventional sequential procedures of simulation 

require the same number of equations and variables. When the 
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number of variables is greater than the number of equations, 

the best solution of the system is obtained by successive 

simulations of behavior, finding a reasonable answer [2], [3]. 

A new alternative method is representing the temporal 

expression of differential equations within the optimization 

problem. In [4], dynamic equations are transformed to 

numerically equivalent algebraic equations by using the 

trapezoidal rule, and then included into the Optimal Power 

Flow (OPF) formulation. To be solved, the implemented 

algorithm requires of the linearization of the OPF constraints, 

the stability equations and the objective function. The authors 

of [5] and [6] proposed the resolution of a multi-contingency 

transient stability constrained OPF problem, including the 

temporal expression of dynamical equations into the 

optimization problem. For obtaining the solution, a specifically 

modified algorithm of the Primal-Dual Interior Point method is 

used. This algorithm can deal with nonlinear equations, but a 

reduction method is necessary to efficiently handle the 

inequality constraints. In [7], the authors apply a similar 

approach, but reducing the multi-machine model to a scheme 

of two machines by using the concept of "Single Machine 

Equivalent". The goal of all the previous cases is to solve 

classical OPF formulations, introducing the dynamical 

behavior of the variables into the optimization problem. 

The present work proposes an algorithm for obtaining the 

optimal generation of a system (considering economic 

parameters) that maintains the stability of the system for 

different protection clearing times. When the clearing time of 

the protection is too large, the algorithm automatically 

calculates the minimum deviation of the angles in the machines 

of the system, assuring the stability of the operation. The 

proposed optimization algorithm includes in the same 

formulation all the periods of simulation: the pre-fault, the 

fault and the post-fault stages. The differential equations of the 

classical model of the generators are included as nonlinear 

constraints into the optimization problem, by using the 

trapezoidal rule. The algorithm is applied to a test case with 

two generation machines and an infinite-bus system. The 

results show that the proposed algorithm is adequate for 

calculating the optimal behavior of the system for different 

protection clearing times, in an efficient way. 

II.  THE TRANSIENT STABILITY MODEL AND ITS 

MATHEMATICAL REPRESENTATION

Mathematically, the transient stability problem can be 

expressed by using a set of first-order differential equations 
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( )( ) ( ), ( ),x zx y=� t F t t (1)

and a set of algebraic equations 

( )0 ( ), ( ),x y z= G t t (2)

where ( )x t  are the state variables of the system, ( ) ∈ℜ xnx t ; 

( )y t  are the algebraic variables of the system, ( )y ∈ℜ yn
t ; z

is the control variables vector, z ∈ℜ zn
; (·)F  is a nonlinear 

function associated with state variables, :
+ +

ℜ → ℜx y z x
n n n nF

and (·)G  is the algebraic equations system, 

:
+ +

ℜ → ℜx y z yn n n n
G . 

In the present study, the classical generator model for 

transient stability analysis is utilized [2]. This model is used 

extensively in transient stability analysis for the initial 

oscillation periods, the most critical stage from the stability 

point of view. In the representation, the voltage behind the 

transient reactance 
jdx′  is denoted by jE′ . When the system is 

perturbed, the magnitude of jE′  can be considered the same 

that its pre-disturbance value and 
jδ  changes when the 

generator rotor speed deviates from the synchronous speed 

0
ω . The equation of motion may be written as 

( )

0

.

   

     1

2

,

j j

jj j j j
j

r

r m e r

i
P P D

H

δ ω ω

ωω

= ∆

∈
= − − ∆

�
�
�

∆�
�

�

� (3)

where 

( )·cos 0
jje j j jP E E Y δ δ θ

∈

′ ′− − − =� � � � �

���

(4)

where 
jE′  is the constant voltage behind 

dix′  of j-th generator; 

jδ  is the rotor angle of j-th generator; 
0

ω  is the rated rotor 

speed of generators; 
jrω∆  is the rotor speed deviation of j-th 

generator; jH  is the inertia constant of j-th generator; 
jmP  is 

the mechanic power input of j-th generator; 
jeP  is the electric 

power output of j-th generator; 
jD  is the damping constant of 

j-th generator; jY
�

 is the transfer admittance between buses j

and �; �  is the set of active power source. 

Due to the different transmission conditions of the system 

during fault-on and post-fault stages, 
ieP  needs considering 

modifications in its parameters. 

The analysis of transient stability of power systems involves 

the computation of their nonlinear dynamic response to large 

disturbances, usually a transmission network fault followed by 

the isolation of the faulted element by protective relaying. 

Large discontinuities due to the faults and the network 

switching, and mathematical stiffness due to the presence of 

small time constants, affect to the stability of explicit 

integration methods. To overcome this problem, it is 

recommended to use implicit integration methods [2], [3]. 

Consider the differential equation 

0 0
( , )      with  at 

dx
f x t x x t t

dt
= = = (5)

The solution for 
1 0

 at x t t t t= = + ∆  may be expressed in 

integral form as 

1

1 0

0

( , )

t

t

x x f x dτ τ= + � (6)

A wide range of methods has been reported in the literature 

for solving equations (5). Explicit integration methods (such as 

Runge-Kutta methods of second, third or fourth order) 

approximate the solution of (5) by expanding it in Taylor 

series, generally not requiring the explicit evaluation of 

derivatives higher than the order one. On the other hand, 

implicit integration methods use interpolation functions for 

obtaining the solution of (5), [2], [8]-[9]. 

One of the most simple implicit integration methods is the 

trapezoidal rule, and [10] recommended its use. For this 

method, the general formula for obtaining (6), giving the value 

of 
1

 at 
n

x t t
+

= , is 

1 1 1
[ ( , ) ( , )]

2n n n n n n

t
x x f x t f x t

+ + +

∆
= + + (7)

It can be observed in (7) that the variable 
1n

x
+

appears on 

both sides of the equation, requiring an iterative process for 

obtaining the solution. 

III.  FORMULATION OF THE PROBLEM

The objective of the present study is to obtain the optimal 

operational condition of the system, when the system is 

affected for a symmetrical three-phase fault to ground in line 

4-5, near the bus 4 (see Fig. 1). The fault is applied for a short 

period of time and after that, the protective action disconnects 

the line 4-5. The system data are similar to those used in the 

Example 16.9 of [3]. 

Fig 1.The Electric System of Study. 

Therefore, the problem has three network conditions: 

i. The pre-fault stage (with all the circuits in service) is 

used to obtain the initial conditions of the system, into 

the optimization problem; 

ii. During the fault there is not active power transmission 

from G1 machine, because at the point of fault the 

voltage is zero; 

iii. In the post-fault stage, with the fault cleared by 

opening circuit breakers on the line 4-5, the active 

power transmission from G1 is restored. 

To calculate the best response of the system using economic 
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and stability criteria, the optimization formulation aims the 

minimization of the generation cost of the system and the 

minimum relaxation of the limits of angular stability (when 

necessary). The variables of the problem are the generated 

power in the two machines, the angles and velocities of the 

machines in all the discretization points of the temporal 

representation of the three stages, the relaxation angular 

variables, the voltage in the busses, the internal voltage of the 

generators and the active power transmission through the lines. 

Then, the solution of the optimization problem calculates the 

optimal value of the dispatched powers, maintaining the 

stability of the operation. 

The proposed optimization problem with transient stability 

constraints is represented in (8)-(28). 

max min

. .

max max min

. .

Minimize     ( , , )=

                        (10 )( )

j

j

G est est

G j j est est

j

f P

P c c

δ δ

δ δ

∆ ∆

� �+ ∆ + ∆	 
� (8)

subject to 

( )
n�

· · ·cos 0
j i

n n

G D m n mn m n mn

j i m

P P V V Y ϕ ϕ θ
∈ ∈ ∈

− − − − =� � �
� �

(9)
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· · ·sen 0ϕ ϕ θ
∈ ∈ ∈

− − − − =� � �j i

n n
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� �
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( )
n�

· · ·cos 0ϕ ϕ θ
∈

− − − =�mnL m n mn m n mn

m

P V V Y (11)

( )0sen 0δ ϕ′ ′− − =
j jG d j n j nP x E V (12)

( )2 0cos 0δ ϕ′ ′+ − − =
j jG d n j n j nQ x V E V (13)

0 0ω∆ =
jr (14)

( )1 1

0 0
2

δ δ ω ω ω+ +∆
− − ∆ + ∆ =

j j

t t t t

j j r r

t
(15)

( )1 11
2 0

2 2
ω ω+ +∆

∆ − ∆ − − − =
j j j j j

t t t t

r r m e e

j

t
P P P

H
(16)

( )·cos 0δ δ θ
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′ ′− − − =�
�
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(17)

min max≤ ≤
j j jG G GP P P (18)

min max≤ ≤
j j jG G GQ Q Q (19)

min max≤ ≤n n nV V V (20)

min maxϕ ϕ ϕ≤ ≤n n n (21)
max max− ≤ ≤
mn mn mnL L LP P P (22)

min min max max

. . . .

t

est est j ref est estδ δ δ δ δ δ− ∆ ≤ − ≤ + ∆ (23)

min maxω ω ω∆ ≤ ∆ ≤ ∆
j

t

r r r (24)

min max′≤ ≤j j jE E E (25)

min maxδ δ δ≤ ≤t

j (26)

max

.
0º 50ºestδ≤ ∆ ≤ (27)

min

.0º 50ºestδ≤ ∆ ≤ (28)

0 t≤ ≤ �

where 
jGP  is the active power output of j-th generator; 

jc is 

the dispatch cost of j-th generator; 
iDP  is the active power of i-

th load; 
jGQ is the reactive power output of j-th generator; 

iDQ

is the reactive power of i-th load; 
nV  is the voltage at bus n; 

mnLP  is the active power between buses m and n; mnY  is the 

transfer admittance between buses m and n; 
mnθ  is the angle of 

the admittance mnY ; t  is the time variable; t∆  is the 

integration step-width; cct  is the fault clearing time; �  is the 

maximum integration period; (·)
min

, (·)
max

 is the lower and 

upper limits of variables and quantities. 

The objective function (8) aims to obtain the minimum cost 

of generation and the minimum relaxation of the limits of 

angular stability (when necessary).  

Equations (9) and (10) represent the power active and 

reactive flows, before the fault. As it is usual, the infinite bus 

maintains in all the simulation a null value for its angle. 

Equation (11) shows the active power transmission into the 

lines, which must be minor than the thermal limits given by 

(22). The initial values of rotor angle and constant voltage iE′

are calculated in equations (12) and (13). In the pre-fault stage, 

the system is in synchronism, so the initial rotor speed 

deviation is zero, (14). Equations (15) and (16) represent the 

dynamic of the machines, by using the trapezoidal rule. In 

equation (17), the transmitted active power is calculated. The 

technical limits are represented in (18) and (19) for the power 

generated, in (20) and (21) for the voltage in the busses of the 

system, and in (25) and (26) for the internal voltage of the 

generators. The stability limits are represented through (23) 

and (24) for the rotor angles and the rotor speed deviation, 

respectively. The limits of the relaxation angular variables are 

represented in (27) and (28). 

This optimization problem (8)-(28) includes a relatively 

large number of constraints. For the considered system, a 

maximum representation time of max 3 T s=  and a 

discretization period of 0.01t s∆ = , the number of inequality 

constraints is 3,638 and the number of equality restrictions is 

1,219. In the present application, the problem is solved by 

using Matlab [11], using a tolerance for the convergence of 
6

1 10x
−

. 

IV.  RESULTS

At first, the optimal behavior of the system for a fault-

clearing time of 320 cct ms= is calculated. In (23), the 

stability limits of the angles are specifies as 100º, a value 

largely used in the practice. In Figs. 2 and 3, the angular 

difference and speed deviation of the machines (respectively) 

are represented, from the solution of the optimization problem 

(8)-(28). 

The optimal values obtained for the generation dispatch are 

P1 = 1.83 pu and P2 = 3.00 pu. However, the system is not 

dynamically stable for this large fault-clearing time 

( 320 cct ms= ), when using a maximum angle deviation of 

100º. Therefore, the algorithm automatically calculates the 
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minimum relaxation of the angle deviation, returning the 

system to the stable operation. In this case, a maximum 

deviation of 128.4º is required. 
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Fig 2. Dynamic Response of the Angular Difference. 

0 0.5 1 1.5 2 2.5 3
-0.06

-0.04

-0.02

0

0.02

0.04

0.06

Time t (s)

R
o
to

r 
S

p
e
e
d
 D

e
v
ia

ti
o
n
  ∆

ω
 (
p
u
)

∆ω1

∆ω2

Fig 3. Speed Deviation. 

0 0.05 0.1 0.15 0.2 0.25 0.3 0.35
0.5

1

1.5

2

2.5

3

3.5

4

4.5

Time tcc (s)

A
c
ti

v
e
 p

o
w

e
r 

d
is

p
a
c

h
e
d
 P

 (
p
u
)

P1

P2

Fig 4. Active power dispatched. 
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Fig 5. Stability limits and Maximum rotor angle. 

Figs. 4 and 5 show the evolution of the active powers 

dispatches, the limits of the angular stability and the maximum 

rotor angle, when changing the fault-clearing time.

Fig. 4 shows that below 150 ms of duration of the fault, the 

most economical generator, G1, is dispatched at full power. As 

it showed in Fig. 5, up to this clearing time the maximum 

excursion of the angles does not reaches the limit, 100º. For 

more than 150 ms of clearing time, the generation of G1 begins 

to decline, while generator G2 increases the production, 

resulting in different combinations of powers dispatches that 

supply the demand. This behavior reflects the need to comply 

with the restrictions imposed for the system stability, as shown 

in Fig. 5. When the clearing time is more than 280 ms, the 

generator G2 is dispatched at full power (Fig. 4), but for 

maintaining the system stability it is also necessary to increase 

the angle stability limit, Fig. 5. 

V.  CONCLUSIONS

This paper shows the ability of the proposed algorithm to 

manage the dynamical performance of the system, using 

conventional optimization tools. The generation of the 

machines is allocated following economic criteria for small 

clearing times. When the stability of the system can be 

compromised, the algorithm: a) calculates the minimum 

deviation of the angles in the machines that assures the 

stability and b) allocates the generation to the most favorable 

(using stability criteria) machines, improving the stability of 

the system. 
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